Abstract. In this paper, we show that the calibrated method can also be used to detect indefinite minimal Lagrangian submanifolds in C m k . We introduce the notion of indefinite special Lagrangian submanifolds in C m k and generalize the well-known work of Harvey-Lawson to the indefinite case.
Introduction
In their celebrated paper [HL] , Harvey and Lawson introduced four types of calibrated geometries, which have been of growing interest over the past ten years. Calibrated submanifolds are distinguished classes of minimal submanifolds, which are volume-minimizing in their respective homology classes. Special Lagrangian submanifolds are one type of the calibrated submanifolds, which may be defined in C m or a Calabi-Yau m−fold. Due to their importance in Mirror symmetry, special Lagrangian submanifolds have received much attentions in recent years (cf. [Jo1] and the references therein).
On the other hand, the theory of classical strings tells us that, during the time evolution, a string sweeps out a timelike minimal surface Σ in a space-time. There have already been many works on timelike minimal surfaces (cf. [Gu1, 2, 3] , [De1, 2] , [Mi] and [IT] ), and some works on timelike minimal submanifolds as well (cf. [AAI] , [Bre] and [Li] ). Timelike minimal submanifolds may be viewed as simple but nontrivial examples of D−branes, which play an important role in string theory too. More general, we may investigate so-called indefinite minimal submanifolds. Notice that these submanifolds, including timelike minimal submanifolds, are relatively unstudied in contrast to minimal submanifolds in Euclidean spaces. It would be interesting to explore the relation and difference between indefinite minimal submanifolds and classical minimal submanifolds. We also hope to find more nontrivial examples of indefinite minimal submanifolds.
In this paper, we show that the special Lagrangian calibration on C m introduced in [HL] can also be used to detect indefinite minimal Lagrangian submanifolds in an indefinite complex Euclidean space C m k . Recall that Harvey and Lawson [HL] used two methods to show that a special Lagrangian submanifold in C m is minimal: one is the volume comparison argument, the other is to differentiate the calibration along 1991 Mathematics Subject Classification. 53C38, 53C50, 53C80. Supported by Zhongdian grant of NSFC Typeset by A M S-T E X the submanifold. We observe that the second method is still valid in the indefinite case (see Proposition 2.1). Then we may introduce the notion of indefinite special Lagrangian submanifolds in C m k and generalize most results on special Lagrangian submanifolds in [HL] to the indefinite case. Notably the potential function of a graphic indefinite special Lagrangian submanifold satisfies a 'hyperbolic equation'. When k = 1 and m ≥ 3, the equation becomes a fully nonlinear hyperbolic equation. We shall discuss both local and global Cauchy problems for this nonlinear hyperbolic equation. As in [HL] , the methods of the moment map and the normal bundle construction will also be used to construct some explicit indefinite special Lagrangian submanifolds in C m k . It turns out that indefinite special Lagrangian submanifolds exist in abundance. In [Hi] , Hitchin introduced another kind of special Lagrangian submanifolds in (C m = R m ×R m , dxdy), which are actually spacelike with respect to the metric dxdy. Jost and Xin [JX] then showed that such a submanifold has mean curvature H ≡ 0. Later Warren [Wa] gave a spacelike calibrated characterization to show that a special Lagrangian graph in Hitchin's sense has volume maximizing property. Notice that the indefinite metric of C m k is compatible with the complex structure J of C m in Kaherian sense while the metric dxdy isn't. We may show that an indefinite special Lagrangian submanifold in C m k is neither volume minimizing nor volume maximizing (see the Appendix for a more general result). Therefore we can't use the volume comparison method in this case. The use of the terminology 'calibration' in this paper is only to emphasize that these submanifolds are also characterized by a special closed differential form.
Preliminaries
Let R N n denote the N −dimensional Euclidean space R N endowed with the following pseudo-Euclidean metric
We will call R N n the pseudo-Euclidean space with index n. Let M be an indefinite submanifold in R N n , by which we mean a submanifold whose induced metric from R N n is non-degenerate. The normal space T ⊥ p M is, by definition, the orthogonal complement of T p M in T p R N with respect to the metric g (n,N) . Since the induced metric on T M is non-degenerate, we see that
∇ denote the Levi-Civita connections in T R N n , T M respectively and let ∇ ⊥ denote the induced normal connection in T ⊥ M . Then the formulae of Gauss and Weingarten are given respectively by
X ξ for X, Y tangent to M and ξ normal to M , where h, A ξ are the second fundamental form and the Weingarten transformation respectively. From (2), we easily get
which means that A ξ is self-adjoint w.r.t. g (n,N) . Now we consider the complex Euclidean m−space C m with complex coordinates z 1 , ..., z m endowed with the following pseudo-Hermitian metric
The pair (C m , h (k,m) ) is denoted by C m k which is called the indefinite complex Euclidean m−space with index k.
The group of matrices in GL(m, C) which leave invariant h (k,m) is denoted by
It is easy to see that g is a pseudo-Euclidean metric on R 2m with index 2k, which will be denoted by g (2k,2m) . Obviously, we have
Using the canonical coordinates (x 1 , ...., x m , y 1 , ..., y m ) with z j = x j + iy j (j = 1, ..., m), we may express g (2k,2m) and ω (k,m) as (9)
In this paper, we will investigate Lagrangian submanifolds with respect to the symplectic form ω (k,m) . An n−dimensional submanifold i :
) is non-degenerate, which are equivalent to the property that J interchanges the tangent and the normal space of M . Here the normal space is determined by the pseudo-Euclidean metric g (2k,2m) . In particular, a real m−plane ζ in C 
for X, Y, Z tangent to M . The mean curvature vector of M is defined by
h(e j , e j )
where
is a Lorentz basis of T p M with < e j , e l >= ε j δ jl (12)
Define a family of holomorphic m−form dz θ with θ ∈ R as follows: 
For any tangent X ∈ T p M , we have We see that an indefinite special Lagrangian submanifold is just a Lagrangian submanifold in C m k whose each tangent plane is special Lagrangian in the sense of Definition 2.1. Obviously dz θ (T M ) ≡ 1 is equivalent to Re(dz θ )(T M ) ≡ 1. Although the special Lagrangian calibration Re(dz θ ) introduced in [HL] does not have the usual volume property with respect to the indefinite metric, Proposition 2.1 still provides us a way to find and characterize indefinite minimal Lagrangian submanifolds.
Obviously, R m = {(x 1 , ..., x m ) : x i ∈ R} is a Lagrangian plane in C m k whose induced metric is a pseudo-Euclidean metric with index k given by
The group of matrices in GL(m, R) which preserve the metric 
Notice that some real m−planes (e.g. R m ) are Lagrangian with respect to both symplectic structures ω (k,m) and ω, where ω denotes the standard symplectic structure of C m . Obviously
We observe that if M 1 , M 2 are special Lagrangian submanifolds of C k and C m−k respectively (in the sense of [HL] ), then M 1 × M 2 is an indefinite special Lagrangian submanifold of C m k . This is a trivial example in some sense, which is of little interest. In general, a Lagrangian m−plane w.r.t. ω (k,m) is not Lagrangian w.r.t. ω and vice versa. Let's see an example.
Example 2.1. We consider two symplectic structures ω (1,2) and ω on C 2 = R 2 ⊕R 2 which are given respectively by
} with a = 0, 1. Here the condition a = 1 is only to ensure that the induced metric on ς 1 from g (2,4) is non-degenerate. It is easy to see that ς 1 is Lagrangian w.r.t. ω (1,2) and not Lagrangian w.r.t. ω, while ς 2 is just the reverse.
Proof. Let A be any complex linear map sending ς 0 to λς with λ ∈ R, i.e.,
It follows that
Im{det A} = λ sin θ Therefore β(ς) = 0 if and only if dz(ς) = 1 or −1.
Now we present an implicit formulation of indefinite special Lagrangian submanifolds, which will be used later. 
vanish on M and
everywhere on M , where
are the gradient vector fields of f i , i = 1, ..., m, with respect to g (2k,2m) . 6
Proof. The gradient vector fields {∇ g f i } i=1,...,m are obviously linearly independent, because df 1 , ..., df m are linearly independent and g (2k,2m) is non-degenerate. The condition (18) ensures that the induced metric on M is non-degenerate.
span the normal space at each point of M , the submanifold M is Lagrangian with respect to ω (k,m) if and only if
By a direct computation, we may derive the conclusion of this Lemma.
with the correct orientation) is an indefinite special Lagrangian if and only if
Proof. Since M is Lagrangian, the tangent space of M is spanned (over R) by
where we use the natural identification of C m with R 2m . So the complex matrix 2i(∂f j /∂z l )I k,m sends { 
Indefinite special Lagrangian graphs
First, we hope to derive the differential equation describing a graphic indefinite special Lagrangian submanifold. 
Proof. It is easy to see that the induced metric on M is non-degenerate if and only if (18) holds. We may replace f by its Jacobian f * at some fixed point. Then 7 f * : R m → R m is linear and its graph is of the form T M = {x + if * (x) : x ∈ R m }. By definition T M is Lagrangian if and only if Jv ⊥ T M for all v ∈ T M with respect to g (2k,2m) . Suppose v = x+if * (x). Then Jv = −f * (x)+ix. Thus T M is Lagrangian if and only if −f * (x) + ix and y + if * (y) are orthogonal for all x, y ∈ R m , i.e.,
Thus the Jacobian of the map f I k,m is f * I k,m = AI k,m . Since Ω is simply connected, this is equivalent to the existence of a potential function u : Ω → R with ∇u = f I k,m , i.e., f = (∇u)I k,m .
For f = (∇u)I k,m , we easily derive the following
which implies that the condition (18) is equivalent to
everywhere. From Lemma 2.2 and Lemma 3.1, we easily derive the following: Let's investigate some special cases of (20). First we consider the case m = 2 and k = 1. By a direct computation, we see that (20) in this case is equivalent to
which is the one dimensional wave equation. The general smooth solution of (21) on R 2 may be expressed as
where F, G ∈ C ∞ (R). Consequently, (19) holds for the graph of f = (−u x 1 , u x 2 ) if and only if
everywhere (see also the proof of Corollary 3.4). Hence we have Remark 3.1. By choosing any functions F, G ∈ C l (R) with l ≥ 3, we may get a C l−1 timelike special Lagrangian surface.
, we compute the induced metric on M as follows:
From (23), we have
Hence the induced metric is given by
Remark 3.2. It is known that there are uncountably many conformal structures on a simply connected Lorentz surfaces ( [SW1, 2] ). Corollary 3.4 shows that the special Lagrangian condition imposes a strong restriction on the conformal type of the Lorentz graph. Recall also that the conformal Bernstein Theorem of [Mi] states that any entire timelike minimal surface in R 3 1 is C ∞ −conformally diffeomorphic to R For any scalar function v on R m , we may consider the linearized operator
where A * denote the transposed matrix of cofactor of A. Thus
We may diagonalize A at a point x so that
The first condition of (25) becomes
Hence we get from (27), (29) and (30) the following:
Theorem 3.5. The linearization of the indefinite special Lagrangian operator at any solution u of the equation (20) is a homogeneous second order partial differential operator
where (a ij (∂ 2 u)) is a non-degenerate symmetric matrix with index k at each point.
From Theorem 3.5, we know that Eq. (20) is an ultra-hyperbolic equation in general. When k = 1 and m ≥ 3, Eq.(20) becomes a fully nonlinear hyperbolic equation.
In the remaining part of this section, we assume that k = 1 and m ≥ 3. Notice that u ≡ 0 is a trivial solution of (20) and the corresponding linearization there is − , where is just the wave operator defined by
Set Σ = {x ∈ R m : x 1 = 0}. Obviously Σ is spacelike in R m with respect to the metric ij a ij (0)dx i dx j = −dx
We may write (20) briefly as follows:
We prescribe the Cauchy data on Σ = {x 1 = 0} as follows:
the Schwartz space of rapidly decreasing functions). Then
everywhere on Σ. From Theorem 3.5 and (33), we know that ((∂ ζ ij F )(ζ)) has index 1. We may choose the Cauchy data (34) (20) corresponds to the Cauchy data (f, h) = (0, 0). By continuity, it is easy to see that the Cauchy data (f, h) always satisfy (35) and the spacelike condition on Σ if (f, g) is in a small neighborhood of (0, 0) in the functional space (20)) is equivalent to
where f is a smooth function of ζ ij = ∂ i ∂ j u and vanishes of third order at 0. It is known from [Kl1] that (37) and (36) has a C ∞ global solution for sufficiently small ε when m − 1 ≥ 4. For m − 1 = 3, we know from [Kl2] that (37) and (36) also admits a C ∞ global solution for sufficiently small ε, because the Taylor expansion of f (ζ ij ) in some neighborhood of (u, ∂u, ∂ 2 u) = 0 does not contain any quadratic term. The remaining case is m − 1 = 2. In this case, we get from (24) the following
which is a homogeneous polynomial of degree 3 in ζ ij = ∂ i ∂ j u. Thus we meet the critical case. To establish the global existence, we should verify the so-called null condition, which was first introduced by Klainerman [Kl2] for the case m − 1 = 3 (see also [Chr] ).
Setting
, we find that solving (37) is equivalent to solve (38)
where (C(∂W ) ij ) is the cofactor matrix of (∂ i W j ) (1 ≤ i, j, k ≤ 3). , m) . We say that G satisfies the null condition when
We may verify directly that the functions det(∂ i W j ), C(∂W ) ij ∂ i ∂ j W k (k = 1, 2, 3) appearing on the right hand side of (38) satisfy the null condition in Definition 3.1. Consequently, we know from Theorem 1.2 of [Ka] that the Cauchy problem (37),(36) has a unique global C ∞ −solution too when m − 1 = 2. In conclusion, we have shown the following (20), the graph of (∇u)I k,m is an indefinite special Lagrangian submanifold provided that (19) is satisfied. When ε is sufficiently small, the solution obviously satisfies the non-degenerate condition (19) everywhere. Proposition 3.3, Proposition 3.6 and Theorem 3.7 show that timelike special Lagrangian submanifolds exist in abundance. We will construct more nontrivial explicit examples of indefinite special Lagrangian submanifolds in next section. 12
Explicit examples of indefinite special Lagrangian submanifolds
In this section, we hope to construct some explicit indefinite special Lagrangian submanifolds by the following two methods: the moment map method for symmetric indefinite special Lagrangian submanifolds and the normal bundle constructions.
Symmetric indefinite special Lagrangian submanifolds
Let G be a connected Lie group of holomorphic isometries of C m k . Let g be the Lie algebra of G, and g * the dual space of g. Then a moment map for the G-action on C m k is a smooth map µ : C m → g * such that (a) d(µ, ξ) = i X ξ ω for all ξ ∈ g, where ( , ) denotes the pairing between g * and g, and X ξ is the infinitesimal action corresponding to ξ; (b) µ(kx) = Ad * k −1 µ(x), ∀k ∈ G and x ∈ M , where Ad denotes the coadjoint action (For basic properties of the moment maps, the reader could refer to [Si] ).
According to the terminology of Symplectic geometry, a G−action is called Hamiltonian if it admits a moment map. By using the properties (a) and (b) of a moment map, it is easy to prove the following:
First, let's determine the moment map of the natural action of
where ξ ∈ u(k, m − k) and z ∈ C m is a column vector. We fix the following inner product on u(k, m − k),
where w * = (w 1 , ..., w m ) is the conjugate transpose of w. Obviously we have
The symplectic structure associated to the inner product h k,m is
The defining equation for a moment map is
Using the inner-product on u(k, m − k), we get from (42) the following
which is satisfied by
It is easy to verify that the map µ given by (43) satisfies the equivariant property. Therefore we prove this proposition.
First we hope to construct some T m−1 −invariant indefinite special Lagrangian submanifolds. Here T m−1 is the subgroup 
Proof. We consider the homomorphism ϕ :
Therefore, using the inner product on u(k, m − k), we have
Using the inner product, we may regard the moment map of the T m−1 −action as a map into its Lie algebra. Therefore we prove the Lemma. Proof. First we assume that m is even, i.e.,
) is a real analytic function on C m . So the critical points set of
Its image F (D) has measure zero for the usual measure on R m . Thus, for any c = (c 1 , ..., c m )
, M c is a smooth manifold of dimensional m. The condition (16) follows from (51) and the property of the moment map. From the proof of Proposition 2.4, we see that ∇ g f i corresponds to the complex vector
By Proposition 2.4, we get the result for the case of m even. We may prove the similar result for the case of m odd.
Remark 3.1. If c ∈ F (D), M c may not be a Lagrangian submanifold or have various kinds of singularity depending on c. Next, we consider the subgroup i :
Using the natural basis of so(k, m − k) and the moment map of SU (k, m − k), we may obtain the moment map of SO(k, m − k)−action as follows:
where E ij denotes the m × m matrix such that the entry at the i−th row and j−th column is 1 and other entries are all zero. As Z(g * ) = 0, any SO(k, m − k)−invariant indefinite Lagrangian m−fold lies in µ −1 (0). Now every point in µ −1 (0) may be written as (λt 1 , ..., λt m ), where λ ∈ C and t := (t 1 , ..., t m ) ∈ R m k is normalized so that
2 ) the pseudo-hyperbolic space). First we note that, for any regular curve Γ ⊂ C * = C\{0}, the submanifold defined by
is Lagrangian w.r.t. ω (k,m) . In fact, we may write λ = ξ(s) + iη(s) and compute the induced 2−form of ω (k,m) on M as follows: (60) f (x) = ϕ(ξ) x ξ where ξ = ± i ε i x 2 i . The differential ϕ * of this map from R m to R m is given by the matrix (h ij ) where (61)
Then the linear map ϕ * : R m → R m has the eigenvector x with eigenvalue
Moreover, the hyperplane perpendicular to x is an eigenspace with eigenvalue Remark. Such kind of instability of indefinite minimal submanifolds was first obtained by Gorokh [Go] for timelike minimal surfaces in R 3 1 . Here we generalize his result to the case of any dimension and codimension. As a consequence, we know that there is no minimizing property or maximizing property for the indefinite special Lagrangian submanifolds.
